We study the electronic transport properties of topological zero-line modes network in twisted bilayer graphene. The intersection of three topological zero-lines is the elementary current partition node that arises in twisted bilayer graphene due to moire patterns of six alternating gapped AB/BA stacking regions. Unlike the partition laws of two intersecting zero-lines, we find that (i) the incoming current can be partitioned into both left-right adjacent topological channels and that (ii) the forwardpropagating current is nonzero. By tuning the Fermi energy from the charge-neutrality point to a band edge, the currents partitioned into the three outgoing channels become nearly equal. Moreover, upon applying a perpendicular electric field, we observe electronic transport through the network formed by such partition nodes is direction-dependent. We find that when the direction from the incoming current terminal to outgoing current terminal parallel to one of the zero-lines, the conductance of the network is quantized and robust against the backscattering. But when the direction from incoming current terminal to outgoing current terminal perpendicular to one of the zero-lines, the network is an insulator. Importantly, we find that the incoming current can transport only near the network boundaries by keeping Fermi energy near the charge neutrality points, which makes the topological network device even more robust. Our results provide a comprehensive depiction of the electronic transport properties of a topological zero-line network and have farreaching implications in the design of electron-beam splitters and low-power-consuming topological quantum devices.
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Introduction-. The networks of topologically confined states in graphene-based moiré patterns, which arise naturally in twisted bilayer graphene (t -BG) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] and graphene/hexagonal boron nitride (h-BN) superlattices [15, 16] , have attracted much attention [1] [2] [3] [4] [5] [6] [7] [8] [9] . The presence of a twist or lattice mismatch changes the local stacking order, arranging the AB/BA stacking regions periodically in space. The perpendicular electric field in t -BG or the sublattice potential difference in a graphene/h-BN bilayer leads to an energy gap that results in opposite valley Chern numbers at the AB/BA stacking regions. At the interfaces between different topological regions, topologically confined states (i.e., zero-line modes; ZLMs) appear and form networks [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . Recently, a network of topologically protected helical states was imaged in a minimally twisted bilayer by through scanning tunneling microscopy [1, 7, 8] , and through optical techniques [11] . Because of the three-fold rotational symmetry of the lattices, the elementary component of this network is the intersection of three ZLMs. However, the electronic transport properties of this intersecting point and the network consisted by it remains poorly understood.
In this Letter, we study the transport properties of three intersecting ZLMs and the topological network. For the one intersection node situation, we design a three ZLMs devise connected to six terminals. When current is injected from one terminal, we find notable partition-ing towards the forward channel; this situation is qualitatively different to the intersection of two ZLMs, where no forward propagation of current is observed. In the case of three intersecting ZLMs, the incoming current is partitioned towards the forward and the two adjacent zero-lines. This current partitioning depends strongly on the size of the central region when the region is small but saturates when it is large. By tuning the Fermi level, We find that it is possible to tailor the forward transmission versus side transmission ratios over a wide range. For the whole topological network, we design a fore terminal device. We find that (i) the conducting of network is direction dependent. We find that when the direction form the incoming current terminal to outgoing current terminal parallel to one of the zero-lines, the conductance of the network is quantized and robust against the backscattering. (ii) when the direction from incoming current terminal to outgoing current terminal perpendicular to one of the zero-lines, the network leading to a insulating phase. We also prove this fascinating transport phenomenon by study the electronic band structure of the bulk network system which shows a direction dependent gap. We also find that a perpendicular magnetic field can tune the currents propagating to the adjacent lines whereas the forward-propagating current remains quite robust. By changing the size of the AA stacking zone, we also study the effect of a twist angle on the transport properties. We find that (i) our device can Schematic of six-terminal device with three intersecting zerolines. The + and − signs indicate the alternating sublattice potentials. Throughout this paper and unless specified otherwise, we use a side length of 25 nm for our regular hexagonal device. The blue and red arrows correspond to modes that carry valley indices K and K ′ , respectively. Transmission is forbidden along the zero-lines with reversed chirality indicated by the red arrows. (c) Dependence of current partitioning as a function of Fermi level to the different output terminals. Gj1 is the conductance between T1 to Tj, while Gtot is the total conductance between T1 to all the other terminals, which remains quantized when the Fermi level shifts from the charge neutrality point and gradually approaches the bulk gap edge. support stable current partitioning even without a perpendicular electric field and (ii) the electric field allows to tune the partition properties and turn the device into a valley-current splitter. These two parts are showed in the Supplementary Information.
Model Hamiltonian-. The general stacking order of the moiré pattern is shown in Fig. 1(a) , where the bright zone in the center corresponds to AA stacking. Around this central zone, alternating periodic chiral AB or BA stacking regions are formed. At the interfaces between the AB and BA stacking regions, domain walls appear, indicated by the white dashed lines. By applying a perpendicular electric field, the centers of the chiral stacking regions become gapped while gapless ZLMs form at the domain walls [1, 7, 8] . The AA stacking zone is located at the intersection of three concurrent ZLMs, which are successively rotated by 60 • . Without loss of generality, in our calculations we consider a monolayer graphene flake with position-dependent staggered sublattice potentials to form six adjacent regions with different valley Hall topologies labeled by +/− signs in Fig. 1(b) , that correspond to AB/BA stacking regions under an electric field in a twisted bilayer graphene. The valley Hall domain walls form three intersecting zero-lines while the intersection region corresponding to the AA stacking zone in the moiré pattern of a twisted bilayer is not gapped locally. The monolayer graphene flake with staggered site potentials can be described by the following π-orbital tightbinding Hamiltonian
where c † i (c i ) is a creation (annihilation) operator for an electron at site i, and t = 2.6 eV is the nearest-neighbor hopping amplitude. The sublattice potentials are spatially varying, with U Ai =−U Bi =λ∆ in regions labeled by λ = ± as shown in Fig. 1(b) , where 2∆ measures the magnitude of the staggered sublattice potential difference.
The zero-lines are connected to six reservoirs labeled T i (i = 1-6) as shown in Fig. 1(b) . Herein, we take T 1 to be the injection terminal. The electronic transport calculations are based on the Landauer-Büttiker formula [31] and recursively constructed Green's functions [32] . The conductance from q-terminal to p-terminal is evaluated from
where G r,a is the retarded/advanced Green's function of the central scattering region, and Γ p is the line-width function describing the coupling between p-terminal and the central scattering region. The propagation of a ZLM coming in from p-terminal is illustrated by the local density of states at energy ǫ, which can be calculated by
where r is the actual spatial coordinate. Current Partition Laws-. In our calculations, the central region is a hexagon with circumcircle diameter D = 50 nm, and the diameter of AA stacking zone is 0.28 nm unless stated otherwise. With ∆ = 0.1t, we calculate how the current partition depends on the Fermi energy E F as shown in Fig. 1(c) . The current partition laws can be summarized as:
Here, Eq. (1) restricts current partitioning into zerolines with opposite chirality, while the condition in Eq. (2) requires the mirror reflection symmetry of the partition, that is broken in the presence of a magnetic field as we show in supplement material. Equation (3) implies that there is no backscattering due to inter-valley scattering, and indeed any reflected current remains very weak even in the presence of disorders [19] .
Note that the forward-propagating conductance G 41 is nonzero because the zero-line from T 1 to T 4 has the same chirality, in contrast to the case of two intersecting zero-lines where the forward propagation is forbidden by the chirality conservation rule. Moreover, the forwardcurrent transmission strongly depends on E F as shown in Fig. 1(c) . When E F is close to the charge-neutrality point (CNP), G 41 ≈ 0.11e 2 /h is less than the conductance of G 21 = G 61 ≈ 0.44e 2 /h towards the sides. When E F is shifted away from the CNP and moves toward the bulk band edges, G 41 increases gradually and exceeds G 21 when E F > 0.08t. The current partition at different E F is shown more clearly in Figs. 1(d) and (e), wherein the local density of states for current injected from T 1 is plotted at E F = 0.001t and 0.100t, respectively. This Fermi-energy dependent current partition suggests that longitudinal transport may be greatly modified through a perpendicular electric gate by altering the current percolation properties through multiple partition nodes.
Effect of System Size-. For an electronic nanodevice, its size plays a crucial role. Herein, we investigate the current partition of a device whose circumcircle diameter D ranges from 1 nm to 25 nm. In Figs. 2(a)-(d) , we plot the current partition as a function of D at different Fermi energies E F and staggered sublattice potential ∆. The current partition fluctuates obviously for D < 6 nm, which is mainly due to the backscattering because the total conductance is not quantized. When the system size D increases, the backscattering vanishes. However, increasing the system size has only a weak influence on the current partition when E F is close to CNP but has a definite influence to bring G 41 and G 21 closer together when E F lies at the band edge. Such a behavior suggests that the equal-current partition approximation is valid at small twist angle but invalid at large twist angle when the Fermi energy E F is far away from charge neutrality.
The length dependence of the current partition at different E F with ∆ = 0.1t is shown in Fig. 2(e) , wherein the fluctuation appears for small sizes and exhibits weak dependence on E F . As the system size increases, G 41 gradually increases and then saturates at a magnitude that increases with E F . By setting E F = 0.001t, we plot the phase diagram of G 41 as function of the energy gap ∆ and circumcircle diameter D in Fig. 2(f) , wherein similar behaviors are observed. Moreover, we find that the saturated G 41 at larger size also increases with the energy gap.
Network system-After figuring out the transport properties of three intersecting zero-lines, now we look back to the topological network situation. We consider a rectangle network device connected with fore terminal, labeled by R, L, U, and D. The direction form terminal L to R is parallel to one of the zero lines, but the direction from terminal U to D perpendicular to one of the zero lines, which also means perpendicular to the direction form R to L, as shown in Fig. 3(a) . At first, we construct the tight-binding Hamiltonian of one dimensional ribbon of topological network system with different edge boundary, zigzag (along the direction L x ) and armchair (along the direction L y ). When the ribbon extend along the direction L x , the gapless topological stats (highlighted in red) arising as shown in Fig. 2(b) . But when the ribbon extend along the direction L y , the gap appears leading to a insulating phase. More details about electronic band can be found in supplement material .
Herein, we take terminal U to be the injection terminal. By using the Landauer-Büttiker formula, we calculate the electronic transport properties of the network device. In our calculation, the network device is 59 nm wide (L x ) and 102 nm long (L y ), which consisted by nine partition nodes, and sublattice potential ∆ = 0.1t. The local density of stats for current injected from terminal L is plotted at E F = 0.001t and E F = 0.050t, respectively. In both cases, there is no current form terminal L going to terminal U or terminal D, which can be understood by electronic band structures. When E F = 0.001t, we can clearly see from the 3(d) that most part of the incoming current transport through the topological channels near the upside and downside boundaries. Due to the insulating phase, the terminal U and terminal D act like closed gates, so the current injecting to these two terminals just "bounces" back to the adjacent topological channels, which connecting with each other and forming a "zigzag" shape channels. When E F = 0.070t, the incoming current is partitioned evenly in the whole topological network as shown in 3(e), but the conductance G LR is still quantized. In a real experimental setup, the disorder is distributed randomly and uniformly over the samples. Hence, when the Fermi energy near the charge neutrality point, this Hall effect-like transport property will make the topological network device even more robust.
We now study how the Fermi energy and disorder affects the current transport through the network. In 3(a), we can find that the conductance G LU and G LD keeps zero but the conductance G LR keeps quantized as e 2 /h when Fermi energy around the CNP. As the size of the network grow, the Fermi energy range for the quantized G LR will shrink and tend to saturate. By keeping the L y of the network device as 22 nm, one can find that for small disorder strength (e.g., W = 0.025 eV), the ZLMs are nearly ballistic, as shown in 4(b). As the disorder strength increases, the conductance also decreases at a fixed L x . Similarly, at fixed disorder strength, the conductance decreases along with the increase of L x . However, it is noteworthy that even for disorder strengths comparable to the band gap (e.g., W = 0.2 or 0.25 eV), the conductance of the topological network is still very robust against disorders due to the wide spread of L y of ∼ 5 µm.
Summary-. We presented a systematic study of current partition law at the three zero-lines intersecting node and electronic transport properties of topological network in a twisted bilayer graphene. We investigated the influence of system size, E F , energy gap, and magnetic field on the current partitioning. When current flows through the device, the forward-propagating current partitioning G 41 is nonzero and can be tuned by mediating E F . This is in contrast to the topological intersection of two zero-lines, where forward propagation is forbidden. We find the conducting of the topological network is dependent on whether the direction form the incoming current terminal to outgoing current terminal perpendicular to one of the zero-lines, if so, the network will be a insulator. Furthermore, the conductance of the topological network is quantized and robust to backscattering when the incoming current terminal to outgoing current terminal parallel to one of the zero-lines. Most importantly, by adjusting the Fermi energy near, we can let the incoming current be distributed only near the boundary of the network without changing the quantized conductance, which make the topological network based device much more robust in a real application. Our theoretical proposed device can find its experimental realization in graphene moiré structures, and can also find realizations in phononic crystals. Specifically, our findings are the first prediction of the current partition at the zeroline intersection node of a helical network of topological channels in small twist angle bilayer graphene and paves the way towards the realization of low-power topological quantum devices.
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